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ARTICLE INFO ABSTRACT

Keywords: This study presents a tube-type flexible performance preset boundary-guided reinforcement learn-
Tube-type flexible performance preset ing (TyFPPB-RL) control algorithm for input saturated nonlinear systems (ISNSs). By construct-
boundary

ing a pair of TyFPPBs, a tube-type flexible prescribed performance control (TyFPPC) approach is
proposed. Unlike traditional PPC (TPPC) algorithms, the significant advantage of the presented
TyFPPC algorithm is its capacity to integrate multiple performance metrics, such as overshoot,
steady-state accuracy, and convergence time. Meanwhile, the TyFPPC algorithm achieves the bal-
ance between performance requirements and input security through the design of a supplementary
system. Furthermore, the RL strategy with the identifier-critic-actor structure (ICAS) is utilized
to reduce the control system’s cost function while achieving control performance, thus realiz-
ing system optimization. The effectiveness of the proposed algorithm is confirmed via simulation
experiments.

Input saturated nonlinear systems
Reinforcement learning

1. Introduction

In the past few years, the control of constrained systems has received increasing attention and extensive research. Systems con-
straints can be classified into two distinct categories: one is performance constraints, such as system control accuracy and convergence
time, and the other is physical constraints, such as system state constraints and input constraints. These constraints work in conjunc-
tion to ensure the system’s long-term stable operation and to achieve the expected performance. For physical constraints, researchers
have developed a variety of effective control algorithms [1-5]. In order to further enhance system control performance, Bechlioulis
et al. [6] pioneered the PPC algorithm, which achieves the desired control objectives by persistently confining the tracking error
within PPBs. Subsequently, the PPC algorithm was extended to various systems [7-9]. However, the limitation of the above TPPC
algorithms, lies in that they can only ensure the achieving control objectives within an infinite time horizon, which restricts their
practical applicability.

Practical engineering systems generally necessitate the attainment of specified control objectives within a finite time frame. For
this purpose, the finite-time control (FTC) has become an effective alternative due to its properties such as rapid convergence, high

* Corresponding authors.
E-mail addresses: 24721982@stu.ahau.edu.cn (Z. Liu), ygyao@ustc.edu.cn (Y. Yao), kangduyu@ustc.edu.cn (Y. Kang), ybzhao@ustc.edu.cn (Y.
Zhao), tjq20202020@126.com (J. Tan), glc@ahau.edu.cn (L. Gu), seuligiang@ahau.edu.cn (Q. Li).

https://doi.org/10.1016/j.cnsns.2026.110407
Received 2 December 2025; Received in revised form 31 March 2026; Accepted 15 June 2026

Available online 23 June 2026
1007-5704/© 2026 Elsevier B.V. All rights are reserved, including those for text and data mining, Al training, and similar technologies.


https://www.elsevier.com/locate/cnsns
https://www.elsevier.com/locate/cnsns

$\infty $


\begin {align}\label {eq.1} \left \{\begin {array}{@{}l@{}} \dot {\chi }_j\left (t\right ) = \chi _{j+1} + f_j\left (\bar {\boldsymbol {\chi }}_j\right )\\ \dot {\chi }_n\left (t\right ) = S\left (u\right ) + f_n\left (\bar {\boldsymbol {\chi }}_n\right )\\ y = \chi _1 \end {array}\right .\end {align}


$j = 1, 2, \ldots , n-1$


$\bar {\boldsymbol {\chi }}_j= [\chi _1,\chi _2, \ldots , \chi _j]^{\rm T}$


$\bar {\boldsymbol {\chi }}_n= [\chi _1,\chi _2, \ldots , \chi _n]^{\rm T}$


$y$


$f_j(\cdot )$


$S\left (u\right )$


\begin {align}\label {eq.2} S\left (u\right )= \left \{\begin {array}{@{}ll@{}} \sign uu_s,&|u| > u_s\\ u,& |u| \le u_s \end {array}\right .\end {align}


$u_s$


$S\left (u\right )$


\begin {equation}\label {eq.3} S\left (u\right )=s_1\left (u\right )+s_2\left (u\right )\end {equation}


$s_2\left (u\right )=S\left (u\right )-s_1\left (u\right )$


$|s_2\left (u\right )| \le u_s\left (1-\tanh \left (1\right )\right )=\bar {s}_2$


$s_1\left (u\right ) =u_s \tanh \left (u/u_s\right )$


$y_r$


$y_r^{(j)}$


$\xi \left (\boldsymbol {X}\right )$


\begin {align}\label {eq.4} \xi \left (\boldsymbol {X}\right )=\epsilon \left (\boldsymbol {X}\right )+\boldsymbol {w}^{\rm T}\boldsymbol {S}\left (\boldsymbol {X}\right ),\quad (|\epsilon (\boldsymbol {X})|\le \epsilon , \epsilon \in \boldsymbol {R}^+)\end {align}


$\epsilon \left (\boldsymbol {X}\right )$


$\boldsymbol {w}$


$\boldsymbol {S}\left (\boldsymbol {X}\right )$


$\boldsymbol {X}$


$S\left (\boldsymbol {X}\right )=[{s}_1\left (\boldsymbol {X}\right ),\dots ,{s}_m\left (\boldsymbol {X}\right )]^{\rm T}$


$m \in \boldsymbol {R}^+$


\begin {align}\label {eq.5} {s}_i\left (\boldsymbol {X}\right )=\exp \left (\frac {-\left (\boldsymbol {X}-\boldsymbol {k}_i\right )^{\rm T}\left (\boldsymbol {X}-\boldsymbol {k}_i\right )}{{\varkappa _i}^2}\right )\end {align}


$\varkappa _i$


$i$


$\boldsymbol {k}_i$


$e_1(t) = \chi _1 - y_r$


$y_r$


\begin {align}\label {eq.6} \mathcal {P}_l < e_1(t) < \mathcal {P}_h\end {align}


$\left [\mathcal {P}_l, \mathcal {P}_h\right ]^{\rm T}$


\begin {align}\label {eq.7} \left [\mathcal {P}_l, \mathcal {P}_h\right ]^{\rm T}=\left [p_l, p_h\right ]^{\rm T}+\tanh \left (\varrho \left (t\right )\right )\boldsymbol {\Gamma }_1\end {align}


$\left [p_l, p_h\right ]^{\rm T}= \rho \left (t\right )\boldsymbol {\Gamma }_2+\sign {e_1(0)}\left (\rho \left (t\right )-\rho _T\right )\mathbf {I}$


$\mathbf {I}= [1, 1]^{\rm T}$


$\boldsymbol {\Gamma }_i=[-\gamma _i, \gamma _i]^{\rm T}$


$i=1,2$


$\gamma _1 \in \boldsymbol {R}^+ ,\gamma _2\in \left [0,1\right ]$


\begin {align}\label {eq.8} \rho \left (t\right ) &= \begin {cases} \csch \left (\rho _0+\frac {l t}{T-t}\right )+ \rho _T, & 0 \leq t < T \\ \rho _T, & t \geq T \end {cases}\end {align}


$\rho _0,\rho _T,T,l \in \boldsymbol {R}^+$


$\varrho \left (t\right )$


\begin {align}\label {eq.9} \dot {\varrho }\left (t\right )&=-b_1\varrho \left (t\right )+b_2(\tau _1\left (t\right )+\tau _2\left (t\right )),\varrho \left (0\right )=0\end {align}


$b_1,b_2\in \boldsymbol {R}^+$


$\tau _1\left (t\right )=\left (u-u_s\right )\left [\sign {u-u_s}+1\right ],$


$\tau _2\left (t\right )=\left (u+u_s\right )\left [\sign {u+u_s}-1\right ].$


$\tau _i\left (t\right )$


$i=1,2$


$\sum _{i=1}^{2}\tau _i\left (t\right ) > 0$


$\left |u\right | > u_s$


$\left |u\right | > u_s$


$\varrho \left (t\right ) > 0$


$\left |u\right | > u_s$


$\left |u\right | \leq u_s$


$\left [\mathcal {P}_l, \mathcal {P}_h\right ]^{\rm T}=\left [p_l, p_h\right ]^{\rm T}$


$T$


$\left |u\right | \leq u_s$


\begin {align}\label {eq.10} \varsigma \left (t\right )=\ln \left (\frac {\delta \left (t\right )}{1-\delta \left (t\right )}\right )\end {align}


$\delta \left (t\right )=\left (e_1\left (t\right ) - \mathcal {P}_l\left (t\right )\right )/\left (\mathcal {P}_h\left (t\right )-\mathcal {P}_l\left (t\right )\right )$


$\delta (t)$


$e_1\left (0\right ) \in \left (\mathcal {P}_l\left (0\right ), \mathcal {P}_h\left (0\right )\right )$


$\delta \left (0\right ) \in \left (0,1\right )$


$\varsigma \left (t\right )$


$\rightarrow \infty $


$\delta \left (t\right )$


$\rightarrow 1^-$


$\delta \left (t\right )$


$\rightarrow 0^+$


$0<\delta \left (0\right )<1$


$\varsigma \left (t\right )$


$0<\delta \left (t\right )<1$


\begin {align}\label {eq.11} \mathcal {P}_l\left (t\right ) < e_1(t) < \mathcal {P}_h\left (t\right ), \forall t \geq 0.\end {align}


$\mathcal {P}_l\left (t\right ) = \mathcal {P}_l$


$\mathcal {P}_h\left (t\right ) = \mathcal {P}_h$


$\delta \left (t\right ) = \delta $


$\varsigma \left (t\right )= \varsigma $


\begin {align}\begin {cases}\label {eq.12} z_1=\varsigma ,\\ z_j=\chi _j-\hat {\alpha }_{j-1}^*,j=2:n-1,\\ z_n=\chi _n-\hat {\alpha }_{n-1}^*-o\\ \end {cases}\end {align}


$\alpha _j$


$o$


$\textit {Step}$


$\textit {1:}$


\begin {align}\label {eq.13} \dot {z}_1=\varphi \dot {e}_1 + \beta \end {align}


$\varphi =1/\delta (1-\delta )(\mathcal {P}_h-\mathcal {P}_l)$


$\beta =\varphi [\dot {\mathcal {P}}_h(\mathcal {P}_l-e_1)+\dot {\mathcal {P}}_l(e_1-\mathcal {P}_h)]/\left (\mathcal {P}_h-\mathcal {P}_l\right )$


$\alpha _1$


$\alpha _1^*$


\begin {align}\label {eq.14} \mathcal {J}_1^*\left (z_1\right )&=\min _{\alpha _1\in \Psi \left (\boldsymbol {\Omega }\right )}\left (\int _{t}^{\infty }\mathcal {C}_1\left (\alpha _1(z_1),z_1\left (s\right )\right )\mathrm {d}s\right )\nonumber \\ &=\int _{t}^{\infty }\mathcal {C}_1\left (\alpha _1^{*}(z_1),z_1\left (s\right )\right )\mathrm {d}s\end {align}


$\mathcal {C}_1\left (\alpha _1, z_1\right ) =z_1^2 + {\alpha }^2_1$


$\boldsymbol {\Omega }$


$\chi _2$


$\alpha _1^*$


\begin {align}\label {eq.15} &\mathbb {H}_1\left (z_1,\alpha _1^*,\frac {\mathrm {d}\mathcal {J}_1^*}{\mathrm {d}z_1}\right )=z_1^2+{\alpha _1^*}^2+\frac {\mathrm {d}\mathcal {J}_1^*}{\mathrm {d}z_1} \dot {z}_1=0.\end {align}


$\partial {\mathbb {H}_1}/\partial {\alpha _1^*}=0$


\begin {align}\label {eq.16} \alpha _1^*=-\frac {\varphi }{2}\frac {\mathrm {d}\mathcal {J}_1^*\left (z_1\right )}{\mathrm {d}z_1}.\end {align}


$\textit {Step}$


$\textit {j}$


$\left (j=2:n-1\right ):$


\begin {align}\label {eq.17} \dot {z}_j=\chi _{j+1} + f_j\left (\bar {\boldsymbol {\chi }}_j\right ) - \dot {\hat {\alpha }}^*_{j-1}.\end {align}


$\alpha _j$


$\alpha _j^*$


\begin {align}\label {eq.18} \mathcal {J}_j^*\left (z_j\right )&=\min _{\alpha _j\in \Psi \left (\boldsymbol {\Omega }\right )}\left (\int _{t}^{\infty }\mathcal {C}_j\left (\alpha _j\left (z_j\right ),z_j\left (s\right )\right )\mathrm {d}s\right )\nonumber \\ &=\int _{t}^{\infty }\mathcal {C}_j\left (\alpha _j^{*}\left (z_j\right ),z_j\left (s\right )\right )\mathrm {d}s\end {align}


$\mathcal {C}_j\left (\alpha _j, z_j\right ) = \alpha _j^2 + z_j^2$


$\chi _{j+1}$


$\alpha _j^*$


\begin {align}\label {eq.19} &\mathbb {H}_j\left (z_j,\alpha _j^*,\frac {\mathrm {d}\mathcal {J}_j^*}{\mathrm {d}z_j}\right ) =z_j^2 + {\alpha _j^*}^2+ \frac {\mathrm {d}\mathcal {J}_j^*}{\mathrm {d}z_j}\dot {z}_j=0.\end {align}


$\partial {\mathbb {H}_j}/\partial {\alpha _j^*}=0$


$\alpha _j^*$


\begin {align}\label {eq.20} \alpha _j^*=-\frac {1}{2}\frac {\mathrm {d}\mathcal {J}_j^*\left (z_j\right )}{\mathrm {d}z_j}.\end {align}


$\textit {Step}$


$\textit {n:}$


\begin {align}\label {eq.21} \dot {o}=\left (s_1\left (u\right )-u\right )-o.\end {align}


\begin {equation}\label {eq.22} \dot {z}_n=f_n\left (\bar {\boldsymbol {\chi }}_n\right )+s_2\left (u\right )+u-\dot {\hat {\alpha }}_{n-1}^*+o.\end {equation}


$u^*$


\begin {align}\label {eq.23} \mathcal {J}_n^*\left (z_n\right )&=\min _{u\in \Psi \left (\boldsymbol {\Omega }\right )}\left (\int _{t}^{\infty }\mathcal {C}_n\left (u\left (z_n\right ),z_n\left (s\right )\right )\mathrm {d}s\right )\nonumber \\ &=\int _{t}^{\infty }\mathcal {C}_n\left (u^{*}\left (z_n\right ),z_n\left (s\right )\right )\mathrm {d}s\end {align}


$\mathcal {C}_n\left (u, z_n\right ) =z_n^2 + u^2$


\begin {align}\label {eq.24} &\mathbb {H}_n\left (z_n,u^*,\frac {\mathrm {d}\mathcal {J}_n^*}{\mathrm {d}z_n}\right ) =z_n^2 + {u^*}^2+\frac {\mathrm {d}\mathcal {J}_n^*}{\mathrm {d}z_n}\dot {z}_n=0.\end {align}


$\partial {\mathbb {H}_n}/\partial {u^*}=0$


$u^*$


\begin {align}\label {eq.25} u^*=-\frac {1}{2}\frac {\mathrm {d}\mathcal {J}_n^*\left (z_n\right )}{\mathrm {d}z_n}.\end {align}


$\mathrm {d}\mathcal {J}_j^*\left (z_j\right )/\mathrm {d}z_j$


$\mathrm {d}\mathcal {J}_j^*\left (z_j\right )/\mathrm {d}z_j$


\begin {align}\frac {\mathrm {d}\mathcal {J}_1^*}{\mathrm {d}z_1}&=\frac {2v_1z_1}{\varphi ^2}+\frac {2\xi _1\left (\boldsymbol {X}_{\xi _1}\right )}{\varphi ^2}+\frac {\mathcal {J}_1^0\left (\boldsymbol {X}_{\mathcal {J}_1}\right )}{\varphi ^2},\label {eq.26}\\ \frac {\mathrm {d}\mathcal {J}_j^*}{\mathrm {d}z_j}&=2v_jz_j+2\xi _j\left (\boldsymbol {X}_{\xi _j}\right )+\mathcal {J}_j^0\left (\boldsymbol {X}_{\mathcal {J}_j}\right ),j=2,\ldots ,n\label {eq.27}\end {align}


$v_j\in \boldsymbol {R}^+$


$\xi _1\left (\boldsymbol {X}_{\xi _1}\right )=\varphi \left (f_1\left (\chi _1\right )-\dot {y_r}+\beta /\varphi +\varphi z_1/2+3 z_1/4\right )$


$\xi _j\left (\boldsymbol {X}_{\xi _j}\right )=f_j\left (\bar {\boldsymbol {\chi }}_j\right ) - \dot {\hat {\alpha }}^*_{j-1}+7 z_j/4, j=2,\ldots ,n-1$


$\xi _n\left (\boldsymbol {X}_{\xi _n}\right )=f_n\left (\bar {\boldsymbol {\chi }}_n\right ) - \dot {\hat {\alpha }}^*_{n-1}+7 z_j/4+o$


$\mathcal {J}_1^o(\boldsymbol {X}_{\mathcal {J}_1}) = -2v_1 z_1 - 2\xi _1(\boldsymbol {X}_{\xi _1})+ \varphi ^2 \mathrm {d}\mathcal {J}_1^*/\mathrm {d}z_1$


$\mathcal {J}_j^o(\boldsymbol {X}_{\mathcal {J}_j}) = -2v_j z_j -2\xi _j(\boldsymbol {X}_{\xi _j})+\mathrm {d}\mathcal {J}_j^*/\mathrm {d}z_j, j=2,\ldots ,n$


$\boldsymbol {X}_{\xi _1}=\left [\bar {\boldsymbol {\chi }}_j, y_r\right ]^{\rm T}$


$\boldsymbol {X}_{\mathcal {J}_j}=\left [\bar {\boldsymbol {\chi }}_j, y_r, z_j\right ]^{\rm T}$


$\alpha _n^*=u^*$


\begin {align}\alpha _1^*&=-\frac {v_1z_1}{\varphi }-\frac {\xi _1\left (\boldsymbol {X}_{\xi _1}\right )}{\varphi }-\frac {\mathcal {J}_1^0\left (\boldsymbol {X}_{\mathcal {J}_1}\right )}{2\varphi },\label {eq.33}\\ \alpha _j^*&=-v_jz_j-\xi _j\left (\boldsymbol {X}_{\xi _j}\right )-\frac {\mathcal {J}_j^0\left (\boldsymbol {X}_{\mathcal {J}_j}\right )}{2}.\label {eq.34}\end {align}


$\xi _j\left (\boldsymbol {X}_{\xi _j}\right )$


$\mathcal {J}_j^0\left (\boldsymbol {X}_{\mathcal {J}_j}\right )$


\begin {align}\xi _j\left (\boldsymbol {X}_{\xi _j}\right )&=\boldsymbol {w}_{\xi _j}^{*\rm T}\boldsymbol {S}_{\xi _j}\left (\boldsymbol {X}_{\xi _j}\right )+\epsilon _{\xi _j}\left (\boldsymbol {X}_{\xi _j}\right ), \label {eq.35}\\ \mathcal {J}_j^0\left (\boldsymbol {X}_{\mathcal {J}_j}\right )&=\boldsymbol {w}_{\mathcal {J}_j}^{*\rm T}\boldsymbol {S}_{\mathcal {J}_j}\left (\boldsymbol {X}_{\mathcal {J}_j}\right )+\epsilon _{\mathcal {J}_j}\left (\boldsymbol {X}_{\mathcal {J}_j}\right )\label {eq.36}\end {align}


$\boldsymbol {w}_{\xi _j}^*$


$\boldsymbol {w}_{\mathcal {J}_j}^*$


$\boldsymbol {S}_{\xi _j}\left (\boldsymbol {X}_j\right )$


$\boldsymbol {S}_{\mathcal {J}_j}\left (\boldsymbol {X}_j\right )$


$\epsilon _{\xi _j}\left (\boldsymbol {X}_j\right )$


$\epsilon _{\mathcal {J}_j}\left (\boldsymbol {X}_j\right )$


$\epsilon _{\xi _j}\left (\boldsymbol {X}_j\right )<\bar {\epsilon }_{\xi _j}$


$\epsilon _{\mathcal {J}_j}\left (\boldsymbol {X}_j\right )<\bar {\epsilon }_{\mathcal {J}_j}$


$\bar {\epsilon }_{\xi _j},\bar {\epsilon }_{\mathcal {J}_j}\in \boldsymbol {R}^+$


$\boldsymbol {S}_{\xi _j}=\boldsymbol {S}_{\xi _j}\left (\boldsymbol {X}_j\right ),\boldsymbol {S}_{\mathcal {J}_j}=\boldsymbol {S}_{\mathcal {J}_j}\left (\boldsymbol {X}_j\right ),\epsilon _{\xi _j}=\epsilon _{\xi _j}\left (\boldsymbol {X}_j\right )$


$\epsilon _{\mathcal {J}_j}=\epsilon _{\mathcal {J}_j}\left (\boldsymbol {X}_j\right )$


\begin {align}\frac {\mathrm {d}\mathcal {J}_1^*}{\mathrm {d}z_1}&=\frac {2v_1z_1}{\varphi ^2}+\frac {2\boldsymbol {w}_{\xi _1}^{*\rm T}\boldsymbol {S}_{\xi _1}}{\varphi ^2}+\frac {\boldsymbol {w}_{\mathcal {J}_1}^{*\rm T}\boldsymbol {S}_{\mathcal {J}_1}}{\varphi ^2}+\epsilon _1 , \label {eq.37}\\ \frac {\mathrm {d}\mathcal {J}_j^*}{\mathrm {d}z_j}&=2v_jz_j+2\boldsymbol {w}_{\xi _j}^{*\rm T}\boldsymbol {S}_{\xi _j}+\boldsymbol {w}_{\mathcal {J}_j}^{*\rm T}\boldsymbol {S}_{\mathcal {J}_j}+\epsilon _j, \label {eq.38}\\ \alpha _1^*&=-\frac {v_1z_1}{\varphi }-\frac {\boldsymbol {w}_{\xi _1}^{*\rm T}\boldsymbol {S}_{\xi _1}}{\varphi }-\frac {\boldsymbol {w}_{\mathcal {J}_1}^{*\rm T}\boldsymbol {S}_{\mathcal {J}_1}}{2\varphi }-\frac {\varphi \epsilon _1}{2},\label {eq.39}\\ \alpha _j^*&=-v_jz_j-\boldsymbol {w}_{\xi _j}^{*\rm T}\boldsymbol {S}_{\xi _j}-\frac {\boldsymbol {w}_{\mathcal {J}_j}^{*\rm T}\boldsymbol {S}_{\mathcal {J}_j}}{2}-\frac {\epsilon _j}{2}\label {eq.40}\end {align}


$\epsilon _1 = 2\epsilon _{\xi _1}/\varphi ^2+\epsilon _{\mathcal {J}_1}/\varphi ^2$


$\epsilon _j = 2\epsilon _{\xi _j}+\epsilon _{\mathcal {J}_j}$


$j=2:n$


$\boldsymbol {w}_{\xi _j}^*$


$\boldsymbol {w}_{\mathcal {J}_j}^*$


$\xi _j\left (\boldsymbol {X}_{\xi _j}\right )$


\begin {align}\hat {\xi }_j\left (\boldsymbol {X}_{\xi _j}\right )=\hat {\boldsymbol {w}}_{\xi _j}^{\rm T}\boldsymbol {S}_{\xi _j}\label {eq.41}\end {align}


$\hat {\xi }_j\left (\boldsymbol {X}_{\xi _j}\right )$


$\hat {\boldsymbol {w}}_{\xi _j}^{T}$


$\boldsymbol {S}_{\xi _j}$


$\hat {\boldsymbol {w}}_{\xi _j}$


\begin {align}\dot {\hat {\boldsymbol {w}}}_{\xi _j}=\boldsymbol {\Upsilon }_j \left (z_j \boldsymbol {S}_{\xi _j}-\eta _j\hat {\boldsymbol {w}}_{\xi _j} \right )\label {eq.42}\end {align}


$\boldsymbol {\Upsilon }_j$


$\eta _j\in \boldsymbol {R}^+$


\begin {align}\frac {\mathrm {d}\hat {\mathcal {J}}_1^*}{\mathrm {d}z_1}&=\frac {2v_1z_1}{\varphi ^2}+\frac {2{\hat {\boldsymbol {w}}_{\xi _1}}^{\rm T}\boldsymbol {S}_{\xi _1}}{\varphi ^2}+\frac {{\hat {\boldsymbol {w}}_{c_1}}^{\rm T}\boldsymbol {S}_{\mathcal {J}_1}}{\varphi ^2},\label {eq.43}\\ \frac {\mathrm {d}\hat {\mathcal {J}}_j^*}{\mathrm {d}z_j}&=2v_jz_j+2{\hat {\boldsymbol {w}}_{\xi _j}}^{\rm T}\boldsymbol {S}_{\xi _j}+{\hat {\boldsymbol {w}}_{c_j}}^{\rm T}\boldsymbol {S}_{\mathcal {J}_j}\label {eq.44}\end {align}


$\mathrm {d}\hat {\mathcal {J}}_j^*/\mathrm {d}z_j$


$\mathrm {d}\mathcal {J}_j^*/\mathrm {d}z_j$


$\hat {\boldsymbol {w}}_{c_j}$


$\hat {\boldsymbol {w}}_{c_j}$


\begin {align}\dot {\hat {\boldsymbol {w}}}_{c_j}=-L_{c_j}\boldsymbol {S}_{\mathcal {J}_j}\boldsymbol {S}_{\mathcal {J}_j}^{\rm T}\hat {\boldsymbol {w}}_{c_j}\label {eq.45}\end {align}


$L_{c_j} > 0$


\begin {align}\hat {\alpha }_1^*&=-\frac {v_1z_1}{\varphi }-\frac {{\hat {\boldsymbol {w}}_{\xi _1}}^{\rm T}\boldsymbol {S}_{\xi _1}}{\varphi }-\frac {{\hat {\boldsymbol {w}}_{a1}}^{\rm T}\boldsymbol {S}_{\mathcal {J}_1}}{2\varphi },\label {eq.46}\\ \hat {\alpha }_j^*&=-v_jz_j-{\hat {\boldsymbol {w}}_{\xi _j}}^{\rm T}\boldsymbol {S}_{\xi _j}-\frac {{\hat {\boldsymbol {w}}_{a_j}}^{\rm T}\boldsymbol {S}_{\mathcal {J}_j}}{2}\label {eq.47}\end {align}


$\hat {\alpha }_j^*$


$\alpha _j^*$


$\hat {\boldsymbol {w}}_{a_j}$


$\hat {\boldsymbol {w}}_{a_j}$


\begin {align}\dot {\hat {\boldsymbol {w}}}_{a_j}=-\boldsymbol {S}_{\mathcal {J}_j}\boldsymbol {S}_{\mathcal {J}_j}^{\rm T}\left (L_{a_j}\left (\hat {\boldsymbol {w}}_{a_j}-\hat {\boldsymbol {w}}_{c_j}\right )+L_{c_j}\hat {\boldsymbol {w}}_{c_j}\right )\label {eq.48}\end {align}


$L_{a_j} > 0$


$\bar {\mathbb {H}}_j(t)$


\begin {align}\label {eq.49} \bar {\mathbb {H}}_j(t)&=\mathbb {H}_j\left (z_j,\hat {\alpha }_j^*,\frac {\mathrm {d}\hat {\mathcal {J}}_j^*}{\mathrm {d}z_j}\right )-\mathbb {H}_j\left (z_j,\alpha _j^*,\frac {\mathrm {d}\mathcal {J}_j^*}{\mathrm {d}z_j}\right )\nonumber \\ &=\mathbb {H}_j\left (z_j,\hat {\alpha }_j^*,\frac {\mathrm {d}\hat {\mathcal {J}}_j^*}{\mathrm {d}z_j}\right ).\end {align}


$\hat {\alpha }_j^*$


$\bar {\mathbb {H}}_j(t) =\mathbb {H}_j\left (z_j,\hat {\alpha }_j^*,\mathrm {d}\hat {\mathcal {J}}_j^*/\mathrm {d}z_j\right )\rightarrow 0$


$\mathbb {H}_j\left (z_j,\hat {\alpha }_j^*,\mathrm {d}\hat {\mathcal {J}}_j^*/\mathrm {d}z_j\right )= 0$


\begin {align}\frac {\partial {\mathbb {H}_1\left (z_1,\hat {\alpha }_1^*,\frac {\mathrm {d}\hat {\mathcal {J}}_1^*}{\mathrm {d}z_1}\right )}}{\partial {\hat {\boldsymbol {w}}_{a_1}}}&=\frac {1}{2\varphi ^2}\boldsymbol {S}_{\mathcal {J}_1}^{\rm T}\boldsymbol {S}_{\mathcal {J}_1}\left (\hat {\boldsymbol {w}}_{a_1}-\hat {\boldsymbol {w}}_{c_1}\right )=0,\label {eq.50}\\ \frac {\partial {\mathbb {H}_j\left (z_j,\hat {\alpha }_j^*,\frac {\mathrm {d}\hat {\mathcal {J}}_j^*}{\mathrm {d}z_j}\right )}}{\partial {\hat {\boldsymbol {w}}_{a_j}}}&=\frac {1}{2}\boldsymbol {S}_{\mathcal {J}_j}^{\rm T}S_{\mathcal {J}_j}\left (\hat {\boldsymbol {w}}_{a_j}-\hat {\boldsymbol {w}}_{c_j}\right )=0.\label {eq.51}\end {align}


\begin {align}\label {eq.52} M_j\left (t\right )=\left ( (\hat {\boldsymbol {w}}_{a_j} - \hat {\boldsymbol {w}}_{c_j})^{\rm T} (\hat {\boldsymbol {w}}_{a_j} - \hat {\boldsymbol {w}}_{c_j}) \right ).\end {align}


$M_j\left (t\right ) = 0$


$\partial {M_j\left (t\right )}/\partial {\hat {\boldsymbol {w}}_{a_j}\left (t\right )}=-\partial {M_j\left (t\right )}/\partial {\hat {\boldsymbol {w}}_{c_j}\left (t\right )} =2\left (\hat {\boldsymbol {w}}_{a_j}\left (t\right )-\hat {\boldsymbol {w}}_{c_j}\left (t\right )\right )$


$M_j\left (t\right )$


\begin {align}\label {eq.53} \frac {{\rm d} M_j(t)}{{\rm d}t} = \frac {\partial M_j(t)}{\partial \hat {\boldsymbol {w}}_{a_j}} \dot {\hat {\boldsymbol {w}}}_{a_j} + \frac {\partial M_j(t)}{\partial \hat {\boldsymbol {w}}_{c_j}} \dot {\hat {\boldsymbol {w}}}_{c_j} \leq 0.\end {align}


$M_j\left (t\right )=0$


$n$


$u$


$S\left (u\right )$


$\mathcal {P}_l \leq e_1(0) \leq \mathcal {P}_h$


\begin {align}\label {eq.54} V=\sum _{j=1}^n\frac {z_j^2+\tilde {\boldsymbol {w}}_{\xi _j}^{\rm T}\boldsymbol {\Upsilon }_j^{-1}\tilde {\boldsymbol {w}}_{\xi _j}+\tilde {\boldsymbol {w}}_{c_j}^{\rm T}\tilde {\boldsymbol {w}}_{c_j}+\tilde {\boldsymbol {w}}_{a_j}^{\rm T}\tilde {\boldsymbol {w}}_{a_j}}{2}\end {align}


$\tilde {\boldsymbol {w}}_{\xi _j}=\hat {\boldsymbol {w}}_{\xi _j}-\boldsymbol {w}_{\xi _j}^*$


$\tilde {\boldsymbol {w}}_{\star _j}=\hat {\boldsymbol {w}}_{\star _j}-\boldsymbol {w}_{\mathcal {J}_j}^*$


$\star $


$c$


$a$


\begin {align}\label {eq.55} \dot {V}=&\sum _{j=1}^{n}\left (-v_jz_j^2-\frac {z_j{\hat {\boldsymbol {w}}_{a_j}}^{\rm T}\boldsymbol {S}_{\mathcal {J}_j}}{2}+z_j\epsilon _{\xi _j}\right )+\varphi z_1z_2+\sum _{j=2}^{n}z_jz_{j+1}-\frac {\left (2\varphi ^2+3\right ) z_1^2}{4}\nonumber \\ &-\sum _{j=2}^{n}\frac {7z_j^2}{4}+z_n s_2\left (u\right )-\sum _{j=1}^{n}\tilde {\boldsymbol {w}}_{a_j}^{\rm T}\boldsymbol {S}_{\mathcal {J}_j}\boldsymbol {S}_{\mathcal {J}_j}^{\rm T}\left (L_{a_j}\left (\hat {\boldsymbol {w}}_{a_j}-\hat {\boldsymbol {w}}_{c_j}\right )+L_{c_j}\hat {\boldsymbol {w}}_{c_j}\right )\nonumber \\ &-\sum _{j=1}^{n}\eta _j\tilde {\boldsymbol {w}}_{\xi _j}^{\rm T}\hat {\boldsymbol {w}}_{\xi _j}-\sum _{j=1}^{n}L_{c_j}\tilde {\boldsymbol {w}}_{c_j}^{\rm T}\boldsymbol {S}_{\mathcal {J}_j}\boldsymbol {S}_{\mathcal {J}_j}^{\rm T}\hat {\boldsymbol {w}}_{c_j}.\end {align}


\begin {align}\varphi z_1z_2\le &\frac {\varphi ^2 z_1^2}{2}+\frac {z_2^2}{2},\label {eq.56}\\ z_jz_{j+1}\le &\frac {z_j^2}{2}+\frac {z_{j+1}^2}{2},\label {eq.57}\\ z_j\epsilon _{\xi _j}\le & \frac {z_j^2}{2}+\frac {\bar {\epsilon }_{\xi _j}^2}{2},\label {eq.58}\\ -\frac {z_j{\hat {\boldsymbol {w}}_{a_j}}^{\rm T}\boldsymbol {S}_{\mathcal {J}_j}}{2}\le &\frac {z_j^2}{4}+\frac {\left ( {\hat {\boldsymbol {w}}_{a_j}}^{\rm T}\boldsymbol {S}_{\mathcal {J}_j}\right )^2}{4},\label {eq.59}\\ z_{n}s_2\left (u\right ) \leq & \frac {z_{n}^{2}}{2}+\frac {{\bar {s}^{2}}_2}{2}.\label {eq.60}\end {align}


\begin {align}\label {eq.60} \dot {V}\le &\sum _{j=1}^{n}\left (-v_jz_j^2-\eta _j\tilde {\boldsymbol {w}}_{\xi _j}^{\rm T}\hat {\boldsymbol {w}}_{\xi _j}-L_{c_j}\tilde {\boldsymbol {w}}_{c_j}^{\rm T}\boldsymbol {S}_{\mathcal {J}_j}\boldsymbol {S}_{\mathcal {J}_j}^{\rm T}\hat {\boldsymbol {w}}_{c_j}\right )+\sum _{j=1}^{n}\left (L_{a_j}-L_{c_j}\right )\tilde {\boldsymbol {w}}_{a_j}^{\rm T}\boldsymbol {S}_{\mathcal {J}_j}\boldsymbol {S}_{\mathcal {J}_j}^{\rm T}\hat {\boldsymbol {w}}_{c_j}\nonumber \\ &+\sum _{j=1}^{n}\frac {{{\bar {\epsilon }}^2}_{\xi _j}}2+\frac {{\bar {s}_2}^2}{2}-\sum _{j=1}^{n}L_{a_j}\tilde {\boldsymbol {w}}_{a_j}^{\rm T}\boldsymbol {S}_{\mathcal {J}_j}\boldsymbol {S}_{\mathcal {J}_j}^{\rm T}\hat {\boldsymbol {w}}_{a_j}+\sum _{j=1}^{n}\frac {\left ( {\hat {\boldsymbol {w}}_{a_j}}^{\rm T}\boldsymbol {S}_{\mathcal {J}_j}\right )^2}{4}.\end {align}


$\tilde {\boldsymbol {w}}_{\xi _j}=\hat {\boldsymbol {w}}_{\xi _j}-\boldsymbol {w}_{\xi _j}^*$


$\tilde {\boldsymbol {w}}_{\star j}=\hat {\boldsymbol {w}}_{\star j}-\boldsymbol {w}_{\mathcal {J}_j}^*$


\begin {align}\tilde {\boldsymbol {w}}_{\xi _j}^{\rm T}\hat {\boldsymbol {w}}_{\xi _j}=&\frac {\tilde {\boldsymbol {w}}_{\xi _j}^{\rm T}\tilde {\boldsymbol {w}}_{\xi _j}+\hat {\boldsymbol {w}}_{\xi _j}^{\rm T}\hat {\boldsymbol {w}}_{\xi _j}-{\boldsymbol {w}_{\xi _j}^{*\rm T}}\boldsymbol {w}_{\xi _j}^*}{2},\label {eq.61}\\ \tilde {\boldsymbol {w}}_{\star j}^{\rm T}\boldsymbol {S}_{\mathcal {J}_j}\boldsymbol {S}_{\mathcal {J}_j}^{\rm T}\hat {\boldsymbol {w}}_{\star j} =&\frac {1}{2}\tilde {\boldsymbol {w}}_{\star j}^{\rm T}\boldsymbol {S}_{\mathcal {J}_j}\boldsymbol {S}_{\mathcal {J}_j}^{\rm T}\tilde {\boldsymbol {w}}_{\star j}+\frac {1}{2}\hat {\boldsymbol {w}}_{\star j}^{T}S_{\mathcal {J}_j}S_{\mathcal {J}_j}^T\hat {w}_{\star j} -\frac {1}{2}\boldsymbol {w}_{\mathcal {J}_j}^{*\rm T}\boldsymbol {S}_{\mathcal {J}_j}\boldsymbol {S}_{\mathcal {J}_j}^{\rm T}\boldsymbol {w}_{\mathcal {J}_j}^{*}.\label {eq.62}\end {align}


\begin {align}\label {eq.63} \tilde {\boldsymbol {w}}_{a_j}^{\rm T}\boldsymbol {S}_{\mathcal {J}_j}\boldsymbol {S}_{\mathcal {J}_j}^{\rm T}\hat {\boldsymbol {w}}_{c_j}\le \frac {\left (\tilde {\boldsymbol {w}}_{a_j}^{\rm T}\boldsymbol {S}_{\mathcal {J}_j}\right )^2+\left (\hat {\boldsymbol {w}}_{c_j}^{\rm T}\boldsymbol {S}_{\mathcal {J}_j}\right )^2}{2}.\end {align}


$\Delta _j=\bar {\epsilon }_{\xi _j}^2/2+\eta _j{\boldsymbol {w}_{\xi _j}^{*\rm T}}\boldsymbol {w}_{\xi _j}^*/2+\left (L_{c_j}+L_{a_j}\right )\left (\boldsymbol {w}_{\mathcal {J}_j}^{*\rm T}\boldsymbol {S}_{\mathcal {J}_j}\right )^2/2$


$L_{a_j}>L_{c_j}$


$L_{c_j}>L_{a_j}/2>1/4$


$\Lambda _{\boldsymbol {S}_{\mathcal {J}_j}}^{\min }$


$\boldsymbol {S}_{\mathcal {J}_j}\boldsymbol {S}_{\mathcal {J}_j}^{\rm T}$


$\Lambda _{\boldsymbol {\Upsilon }_j^{-1}}^{\max }$


$\boldsymbol {\Upsilon }_j^{-1}$


\begin {align}\label {eq.64} \dot {V}&\le \sum _{j=1}^{n}\left (-v_jz_j^2-\frac {\eta _j}{2}\tilde {\boldsymbol {w}}_{\xi _j}^{\rm T}\tilde {\boldsymbol {w}}_{\xi _j} -\frac {L_{c_j}}{2}\tilde {\boldsymbol {w}}_{c_j}^{\rm T}\boldsymbol {S}_{\mathcal {J}_j}\boldsymbol {S}_{\mathcal {J}_j}^{\rm T}\tilde {\boldsymbol {w}}_{c_j} -\frac {L_{c_j}}{2}\tilde {\boldsymbol {w}}_{a_j}^{\rm T}\boldsymbol {S}_{\mathcal {J}_j}\boldsymbol {S}_{\mathcal {J}_j}^{\rm T} \tilde {\boldsymbol {w}}_{a_j} +\Delta _j\right )\nonumber \\ &\le \sum _{j=1}^{n}\left (-v_jz_j^2-\frac {\eta _j\tilde {\boldsymbol {w}}_{\xi _j}^{\rm T}\boldsymbol {\Upsilon }_j^{-1}\tilde {\boldsymbol {w}}_{\xi _j}}{2\Lambda _{\boldsymbol {\Upsilon }_j^{-1}}^{\max }}-\frac {L_{c_j}}{2}\Lambda _{\boldsymbol {S}_{\mathcal {J}_j}}^{\min }\tilde {\boldsymbol {w}}_{c_j}^{\rm T}\tilde {\boldsymbol {w}}_{c_j} -\frac {L_{c_j}}{2}\Lambda _{\boldsymbol {S}_{\mathcal {J}_j}}^{\min }\tilde {\boldsymbol {w}}_{a_j}^{\rm T}\boldsymbol {S}_{\mathcal {J}_j}\boldsymbol {S}_{\mathcal {J}_j}^{\rm T}\tilde {\boldsymbol {w}}_{a_j}+\Delta _j\right ).\end {align}


$c=\min \{2v_j,\eta _j/\Lambda _{\boldsymbol {\Upsilon }_j^{-1}}^{\max },L_{c_j}\Lambda _{\boldsymbol {S}_{\mathcal {J}_j}}^{\min }\}$


$\Delta =\sum _{j=1}^{n}\Delta _j$


\begin {align}\label {eq.65} \dot {V}\le &-cV+\Delta .\end {align}


$1)$


\begin {align}\label {eq.66} V\leq V\left (0\right )+\frac {\Delta }{c}.\end {align}


$V$


$z_j$


$\tilde {\boldsymbol {w}}_{\xi _j}$


$\tilde {\boldsymbol {w}}_{c_j}$


$\tilde {\boldsymbol {w}}_{a_j}$


$\hat {\alpha }_j^*$


$\hat {\boldsymbol {w}}_{\xi _j}$


$\hat {\boldsymbol {w}}_{c_j}$


$\hat {\boldsymbol {w}}_{a_j}$


$z_1=\varsigma ,z_j=\chi _j-\hat {\alpha }_{j-1}^*$


$\chi _j$


$\varsigma $


$2)$


\begin {align}\label {eq.67} |z_1| = |\varsigma | \leq \sqrt {2\left (V_n(0) + \frac {\Delta }{c}\right )}\end {align}


$\varsigma $


$\delta \left (t\right )$


$e_1\left (0\right ) \in \left (\mathcal {P}_l\left (0\right ), \mathcal {P}_h\left (0\right )\right )$


$\delta \left (0\right ) \in \left (0,1\right )$


$\varsigma $


\begin {align}\label {eq.68} \mathcal {P}_l(t) < e_1(t) < \mathcal {P}_h(t), \forall t\ge 0.\end {align}


$v_j$


$\eta _j$


$\rho _T$


$T$


$b_1,b_2$


$b_2$


\begin {equation}\label {eq.69} \begin {cases} \dot {\chi }_1 =\chi _2+ f_1\left (\chi _1\right ) \\ \dot {\chi }_2 = S\left (u\right )+f_2\left (\bar {\boldsymbol {\chi }}_2\right ) \\ y = \chi _1 \end {cases}\end {equation}


$f_1\left (\chi _1\right )=\sin {\chi }^2_1 \cos \chi _1$


$f_2\left (\bar {\boldsymbol {\chi }}_2\right )=\chi _1\left (1+{\chi }^2_2\right )\sin \chi _2-1.2 \chi _1\chi _2$


$v_1=150,v_2=3,L_{c_1}=10,L_{c_2}=180,L_{a_1}=12,L_{a_2}=350,\eta _1=75,\eta _2=50,\boldsymbol {\Upsilon }_1=\boldsymbol {\Upsilon }_2=0.1\boldsymbol {I}_{24\times 24}$


$\rho _0=0.5, u_s=1.5, T=6, \rho _T=0.03, l=1, \gamma _1=\gamma _2=0.2, b_1=5, b_2=0.5$


$y_r=\sin \left (0.5t\right )$


$24$


$[-8,8]$


$\boldsymbol {S}_{\star 1}=[{s}_{\star 1}^{1},\ldots ,{s}_{\star 1}^{24}]^{\rm T}$


$\star $


$\xi $


$\mathcal {J}$


${s}_{\xi _1}^{j}=\exp ((\chi _1+2j/3-8)^2/2^2),j=1:24.$


$32$


$[-8,8]$


$\boldsymbol {S}_{\star 2}=[{s}_{\star 2}^{1},\ldots ,{s}_{\star 2}^{32}]^{\rm T}$


${s}_{\xi _2}^{j}=\exp (||\bar {\boldsymbol {\chi }}_2-[8,8]^{\rm T}+1/2[j,j]^{\rm T})||^2/2^2),j=1:32.$


$\hat {\boldsymbol {w}}_{\star _1}(0)=[0.4]_{24\times 1}$


$\hat {\boldsymbol {w}}_{\star _2}(0)=[0.4]_{32\times 1}$


$\star =a,c,\xi $


$e_1(0)\neq 0$


$|u| \le u_s$


$\hat {\boldsymbol {w}}_{c_1},\hat {\boldsymbol {w}}_{c_2}$


$\hat {\boldsymbol {w}}_{a_1},\hat {\boldsymbol {w}}_{a_2}$


$\hat {\boldsymbol {w}}_{\xi _1},\hat {\boldsymbol {w}}_{\xi _2}$


$\boldsymbol {\Gamma }_1=\boldsymbol {0}$


$\boldsymbol {\Gamma }_1\neq \boldsymbol {0}$


$\boldsymbol {\Gamma }_1=\boldsymbol {0}$


$\boldsymbol {\Gamma }_1\neq \boldsymbol {0}$


$\boldsymbol {\Gamma }_1=\boldsymbol {0}$


\begin {equation}\label {eq.70} \begin {cases} \dot {\chi }_1 = \chi _2 \\ \dot {\chi }_2 = \dfrac {S\left (u\right )}{M} - \dfrac {mgl\sin \chi _1}{2M} - \dfrac {B\chi _2}{M} \\ y = \chi _1 \end {cases}\end {equation}


$g=9.8m/s^2, m=0.02kg, B=1, l=1m, M=1kg$


$v_1=220,v_2=3.9,L_{c_1}=10,L_{c_2}=180,L_{a_1}=12,L_{a_2}=350,\eta _1=75,\eta _2=50,\boldsymbol {\Upsilon }_1=\boldsymbol {\Upsilon }_2=0.1\boldsymbol {I}_{24\times 24}$


$u_s=1.5, \rho _0=0.75, \rho _T=0.03, T=6, l=1, \gamma _1=\gamma _2=0.2, b_1=5, b_2=0.5$


$y_r=0.5\sin (t)+\sin \left (0.5t\right )$


$24$


$[-8,8]$


$\boldsymbol {S}_{\star 1}=[{s}_{\star 1}^{1},\ldots ,{s}_{\star 1}^{24}]^{\rm T}$


$\star $


$\xi $


$\mathcal {J}$


${s}_{\xi _1}^{j}=\exp ((\chi _1-8+2j/3)^2/2^2),j=1,\ldots ,24.$


$32$


$[-8,8]$


$\boldsymbol {S}_{\star 2}=[{s}_{\star 2}^{1},\ldots ,{s}_{\star 2}^{32}]^{\rm T}$


$s_{\xi _2}^{j}=\exp (||\bar {\boldsymbol {\chi }}_2-[8,8]^{\rm T}+1/2[j,j]^{\rm T})^2/2^2),j=1,\ldots ,32.$


$\hat {\boldsymbol {w}}_{\star _1}(0)=[0.4]_{24\times 1}$


$\hat {\boldsymbol {w}}_{\star _2}(0)=[0.4]_{32\times 1}$


$\star =a,c,\xi $


$\hat {\boldsymbol {w}}_{c_1},\hat {\boldsymbol {w}}_{c_2}$


$\hat {\boldsymbol {w}}_{a_1},\hat {\boldsymbol {w}}_{a_2}$


$\hat {\boldsymbol {w}}_{\xi _1},\hat {\boldsymbol {w}}_{\xi _2}$


$\boldsymbol {\Gamma }_1=\boldsymbol {0}$


$\boldsymbol {\Gamma }_1\neq \boldsymbol {0}$


$\boldsymbol {\Gamma }_1=\boldsymbol {0}$


$\boldsymbol {\Gamma }_1\neq \boldsymbol {0}$


$\boldsymbol {\Gamma }_1=\boldsymbol {0}$
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control accuracy, and robust anti-interference capability [10-18]. However, the settling time of FTC algorithms depends on initial
conditions, or multiple control parameters, and the control accuracy is difficult to predict in advance. To achieve precise control,
researchers innovatively integrated PPC with FTC [19,20], but this has inevitably increased controller design complexity. As a result,
Zhao et al. [21] proposed a finite-time PPC (FTPPC) method, which ensures the tracking error attains the preset accuracy within finite
time by designing a piecewise continuous PPBs. Then, the FTPPC was extended and applied to various systems [22-25]. However, the
above TPPC and FTPPC algorithms exhibit a limitation, i.e., the PPBs of which are defined by a set of symmetric, strictly monotonic,
or piecewise monotonic functions, which could result in unfavorable behaviors like chattering and overshoot during the initial phase.
To tackle these challenges, some novel enhancing PPC (EPPC) algorithms that comprehensively account for both steady and transient-
state performance were proposed [26-30]. It should be noted that the development of EPPC approaches relies on the assumption
that the control input can be infinitely increased, without taking into account the input saturation that is commonly present in actual
engineering, which is obviously contrary to the requirements of actual engineering systems.

In addition to the preset performance, input security is one of the important conditions for ensuring the long-term stable operation
of the system. Accordingly, based on the transformation idea, the PPC for ISNSs were proposed [31,32]. Notably, these methods have a
common limitation that they address performance requirements and input security in isolation. However, there is a significant mutual
influence between the two: overly strict performance constraints can lead to input saturation, thereby triggering safety hazards;
conversely, overly loose input constraints make it difficult to meet the performance indicators. To mitigate this conflict, Yong et al.
[33] introduced a supplementary system to effectively balance performance preset with input security. Subsequently, this method
was further extended to various system [34-37]. However, the above algorithms mostly focus on ensuring system performance and
operational security, but do not consider the optimization of overall performance.

It is worth noting that energy conservation is particularly crucial for the long-term operation of industrial systems. Against this
backdrop, optimal control achieves a balance between performance and resources by determining optimal control laws for dynamic
systems, enabling them to minimize cost functions while satisfying performance requirements. To name just a few, Xu et al. [38]
achieved optimal control by solving the optimal solution to the Hamilton-Jacobi-Bellman (HJB) equation. However, due to the
strong nonlinear property, it is challenging to derive HJB’s analytical solution. To overcome this challenge, leveraging the adaptive
approximation capability of RL to achieve optimal control is an effective approach, as it avoids the need to directly solve the HJB
equation. For instance, the real-time collaborative training of control actions and performance indicators is achieved via the RL
algorithm with an actor-critic structure [39,40]. Subsequently, Wen et al. [41] addressed the unknown dynamic characteristics
of multi-agent systems by designing a novel backstepping control framework integrated with RL. Bai et al. [42,43] presented the
RL-based algorithms for nonstrict-feedback discrete-time systems. Zhu et al. [44] presented an ICAS-based RL control approach for
stochastic systems, where an adaptive identifier is employed to approximate uncertain nonlinear terms. Furthermore, the methods that
integrated the PPC with RL were presented for stochastic systems [45], ISNSs [46], MAS [47], as well as USV [48]. Despite notable
advancements in RL-based PPC, the RL control with high performance (i.e., not only consider the preset of multiple performance
indicators such as overshoot, steady-state accuracy and convergence time, and the balance between them and input safety, but also
taken into account the optimization of global performance) has received little attention.

Building on the preceding analysis, this study introduces a TyFPPB-guided RL control for ISNSs. The main research results are as
follows:

1. Unlike the existing TPPC [6-9] and FTPPC [21-25] algorithms, the PPBs of which are composed of a set of symmetric, strictly
monotonic, or piecewise monotonic functions, which could result in unfavorable behaviors like chattering and overshoot during the
initial phase. By designing a pair of TyFPPBs, a novel TyFPPC approach is proposed, its significant advantage is that the presented
TyFPPC algorithm can comprehensively consider multiple performance indicators, including the overshoot, convergence time
and steady state accuracy. Furthermore, by designing a supplementary system, the presented TyFPPC method also achieves the
balance between performance requirements and input security.

2. By integrating the TyFPPC with the RL strategy, this paper first proposes a TyFPPB-RL optimal control method for ISNSs based on
the ICAS. The designed TyFPPB-RL optimal control approach can minimize the cost function of the control system while satisfying
performance constraints and input constraints, thereby achieving the overall optimization of the system.

2. Problem formulation and preliminaries
2.1. Problem formulation

Consider the ISNSs below

)Zj(t) =Xj+1 +fj()_(j)
@) = S+ f,(%,) (€Y
y=xn

withj=1,2,....n= L ¥, =[x, 12, - ,)(j]T and ¥, = [x1> 12, ---» 2,)* denote the state vector, the system output is denoted by y, £
represents a nonlinear continuous function with uncertainty. The actual control input S(u) satisfy

S = {sgn(u)us, lu| > uy @)

u, lul < uy
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where u; denotes the maximum permissible threshold. Adopting the estimation below to handle the acute angles of S(u)
Su) = s1(u) + s,(u) 3)

here s,(u) = S(u) — s, (u) with |s, ()| < u (1 —tanh (1)) = 3,, s;(u) = u, tanh (u/us).

This paper proposes an innovative TyFPPB-RL control strategy designed to ensure semi-global uniform ultimate boundedness
(SGUUB) of all closed-loop system signals, while rigorously confining the tracking error within the TyFPPB.

The algorithm introduced in this study rests upon a logically sound premise

Assumption 1 ([3,5]). The trajectory used as a reference y, and its respective derivatives yﬁj) are bounded and continuous.

2.2. Radial basis function neural network (RBFNN)

Lemma 1 ([20]). The unknown nonlinear term (X)) is capable of estimated via a RBFNN in the form shown below
EX)=eX)+w'SX), (le(X)| <e,e€RY) )]

where e(X), w, S(X) and X denote the approximation error, weight vector, basis function vector and input, S(X) = [s,(X), ..., 5,,(X)]T with
m € R*, and

)]

i

5:(X) = exp (W)

here, x; represents the width of the ith neural node, while k; stands for its corresponding center vector.
3. Main results
3.1. Tube-type flexible performance preset boundary

This paper requires the tracking error ¢, (f) = y; — y, (with y, representing the reference signal ) to satisfy the following constraint

P <e() <Py (6)
where [P, Ph]T denotes the TyFPPB as follows

[P Pu]" = [pr.pa] " + tanh ()T, )

where [p,,ph]T = p(O, + sgn(e;(0)(p()) — pr)L, I=[1,1]T and I; = [y,,7,]T with i = 1,2, y; € R",y, € [0, 1]. Additionally

It
csch(p0+ﬁ)+pr, 0<t<T

p(t) = ®

Pr> t>T

with py, p7, T,1 € R* be the design parameters.
o(t) represents the output generated by the following supplementary system [26]

0(t) = =by0(t) + by (71 (1) + 7,(1)), 0(0) = 0 9
where b,by € R™, 7,(1) = (u — uy) [sgn(u — ug) + 1], 7,(t) = (u + uy) [sgn(u + u,) — 1].

Remark 1. Itis not difficult to conclude from the definition of 7;(¢) (i = 1,2) that Zil 7;(t) > 0, and if and only if |u| > u,. Furthermore,
in conjunction with the designed supplementary system (9), it further follows that if and only if |u| > u, o(f) > 0 holds. According to
(7), It is evident that if |u| > u,, i.e., the control signal surpasses its upper allowable limit, the TyFPPB undergoes adaptive expansion,
and once |u| < ug, [P}, Ph]T = [p, ph]T holds, meaning that the TyFPPB adaptively reverts to the initial PPB. In other words, the design
of supplementary system (9) achieves the balance between performance requirements and input security.

Remark 2. The existing TPPC algorithms [6-9] and FTPPC algorithms [21-25] have a common limitation, i.e., the PPBs of which
are composed of a set of symmetric strictly monotonic or piecewise monotonic functions, which may induce chattering, overshoot,
and other undesirable phenomena in the initial stage. Although the EPPC methods comprehensively consider both transient and
steady-state performance, they all ignore the input constraints. The advantage of the proposed TyFPPC lies in not only inheriting the
advantages of the EPPC methods, but also further considering the intrinsic connection between input saturation and performance
preset, and establishing the balance between input safety and performance requirements. To clearly illustrate this improvement, Fig. 1
presents the error curves under different PPBs.

e As can be seen from subfigure (a), the PPB of TPPC is strictly monotonous, which means that only asymptotic convergence can
be guaranteed. Neither the steady-state precision nor the speed of convergence can meet the specified requirements.

¢ As can be seen from subfigure (b),the FTPPC can achieve the preset steady-state accuracy and convergence time, while the PPB
of which presents a “trumpet” shape, so the transient performance before the preset time 7 is difficult to guarantee.

3
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Fig. 1. The tracking error curves under four different PPBs.

e Subgraph (c) shows the PPB of the EPPC algorithm, unlike the TPPC and FTPPC algorithms, the EPPC comprehensively account
for steady-state accuracy, convergence time, and overshoot, thereby achieving better control performance than those of TPPC and
FTPPC, the input constraints, however, were ignored.

Subgraphs (d) shows the constructed TyFPPB, apparently, the proposed TyFPPC not only inheriting the advantages of the EPPC
methods, but also further considering the intrinsic connection between performance preset and input saturation, i.e., when the
control input exceeds the maximum threshold, the TyFPPB undergoes adaptive expansion, and once |u| < u,, the TyFPPB adap-
tively reverts to the initial PPB, meaning that the proposed TyFPPC algorithm also achieves the balance between performance
requirements and input security.

3.2. TyFPPB-guided RL control design

The error transformation is defined as follows

R0
= ( — 50)) (10)

with 6(7) = (61(1) - Pl(t))/(Ph(t) - P/(t))-

Using the definition of 4(z), it follows that if e, (0) € (P,(O), P,,(O)), then 6(0) € (0, 1). From (10), it is further inferred that ¢(f) » oo
if and only if §(r) — 1~ or 6(r) — 0*. This indicates that, as long as 0 < §(0) < 1 and ¢(¢) is bounded, 0 < §(r) < 1 holds, which further
follows that

Pi(t) < e (t) < Py(1),Vt > 0. a1
In the subsequent sections, to simplify matters, let P;(r) = P;, P, (1) = Py, 6(t) = 6 and ¢(t) = ¢.
Let
Z =6,
zj:)(j—&;_‘_l,j:Z:n—l, 12)
zn=)(,,—&:_] -0

where a; and o will be given later.
Step 1: From (1), (10) and (12), one obtain

Zy=@é + P (13)
where ¢ = 1/8(1 = 8)(P), — P)),B = @[Py(P, — e)) + Pley = P/ (P, — P)).

4
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Let a; serve as the virtual controller, a} stands for its optimal counterpart. Design the optimal performance index function (OPIF)
in the following way

Jl*(zl) = alren\;?ﬂ) </ ¢ (al(zl),zl(s))ds>

/ ¢ (af(z,),z,(s))ds 14)
t

where C\ (a),z;) = zf + af serves as the cost function,Q stands for a compact set with the origin included.
Treat y, as (xi*. Based on (13)-(14), the HJB equation is obtained

A 2 o, W7
H, z],al,a =z +a]"+ i 2, =0. (15)

By solving oM, /da} = 0, one can derive

dgr(z;)
*—_21—1
NTT Tay (16)

Stepj (j =2 : n—1) : Combine (1) and (12), it is possible to derive
2= L+ 15(2;) =@y az)

Let a; serve as the optimal virtual control law, and «; stands for its optimal counterpart, thus define the OPIF as follows
o
Tj(z) = o 4 </l Cj(“j(zﬁ’zj(s))dS)
o
/’ Cj(a;.‘(zj),zj(s)>ds (18)

where the cost function is defined as C; (a;. z;) = a}? + zf.
When y;,, is taken as o}, we can derive the HJB equation in the following manner

* d‘jl* 2 %2 d']/x .
IH]j Zj,aj,d—zj :Zj+0(j +d—szj:0. (19)
Solving dH; /aa; =0, yields the optimal control aj’.‘ expressed as
dJ* (z )
% 1 J J
= 20
YT g (20)

Step n: Construct a supplementary system to counteract the adverse effects caused by input constraint

0= (sl(u)—u) —o. 21
By integrating (1),(3),(12) and (21), the desired result follows

2= fo(Xn) + 20 +u—at  +o. (22)

Taking u* as the optimal controller, we proceed to define the OPIF as

uén‘l‘i(lgl) </t C,,(u(zn),zn(s))ds>
/°° C,,(u* (z,,),zn(s))ds (23)

77 (z4)

where C,(u, z,) = z2 + u? is a cost function.
The HJB equation corresponding to (23) can be written as

*

7> L AT
H, (zn,u*, dz: ) = zﬁ +utc+ dz: z,=0. 24)

Solving oH,,/du* = 0 gives the optimal control u* as follows

dJ*(z
u = — 1 M (25)
2 dz,
Owing to the uncertainties in dJ*(z;)/dz;, this term becomes infeasible for practical use. To overcome this limitation, this section
proposes an optimal controller based on the ICAS, i.e., the identifier, critic and actor modules are responsible for estimating unknown
nonlinear dynamics, evaluating the optimal cost function, and implementing control policies, respectively.
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Decompose d.J;(z;)/dz; into the following form

ﬁ 20,z 2 (Xil) ‘710(XJ1)

- e
dJ; 0 4

E=2vjzjJrzgj(x‘fj)h@.(XJ/),J:z,...,n (27)
J

where v, € RY, gl(xél) =0(f1(x1) =V, + Blo+ 0z, /2 + 32, /4), .fj(xg,) =fi(7) — & T2 /4 =2 = 1, 5,1()(5") -
Fu(Zn) — & +72;/4+0,J0(X 7)) = =20,z = 2&/(X¢)) + 9*d T} /dz,, JP(Xg) =202, = 2£;(X, ) + T [dz;.j=2.....n, X, =

_ T x5 T
%9, J = (%> 9r2]
Let a)f = u”, substituting (26)-(27) into (16), (20) and (25) yields

al*z_m_gl(xﬁl) _"710<XL71)’ (28)
@ @ 2¢

0
(X;(:—Uij_fj(ng)_wn (29)

The RBFNNS are utilized to approximate &; (X g ) and J; .O(X 7 ) as detailed below

§j<X¢ ) wi'S, <X5/> +eg (X: ) (30)
77(X5,) = wiis (X5,) + 5 (X5) @31)

here, wg and w* denote the ideal weights, .S’ g (X ;) and § 7 (X ;) stand for the basis function vectors. The approximation errors are

given by e, (X ) and €y, (X ), which satisfy €, (Xx;) < €€y, (Xx;) < €5, with & .&; € R". For the sake of simplicity, in subsequent

sections S, =S¢ (X;).8; =587 (X;).e; =€ (X;), €5 —GJJ(X)
Substltutmg (30) (31) mto (26) (29) allows us to derive

dJr  2u,z 2“’; S 'S
L=l L ‘7‘2 Ltep, (32)
dz @ @ ®
dJ; T T
d_zj=2szj+2w'fj S5/+w$5$ +e;, (33)
T
" V124 ;l S51 f7| SJl pe,
P e il R S L/ WS R o y (34)
! @ @ 2¢ 2
Tg
wy Jj €
—_ T J J
a;‘ =-0;z; - ng SE, 5 ) (35)

where ¢; = 2e;, Jo* + €z, /(pz,ej = 265/ +eg j=2:n
Since the ideal weights w; and w7, are not available, the virtual control optimization, guided by RL, employs three NNs: an
J J
identifier network, a critic network, and an actor network.

A NN identifier is utilized for approximating ¢&; (X g )
2 _ AT
&(x; ) =ais, (36)
where & ; (X & ) indicates the output of the identifier, @

gj
vector.
ng tuned via the following adaptive law

stands for the weight of the identifier NN, and S g indicates the basis function

g, =X, (2,8, - i, ) 37)

where Y; represents a matrix that is positive definite, and 7; € R*.
The effectiveness of the control strategy is assessed based on the critic NN described subsequently

" ~T AT
djl 2“111 zwfl SE] wcl SJ[

&y Ty T o
djj* AT - T
d_z/- = 2szj +2w§jS5/ + ijSJj (39)

where djj* /dz; denotes the estimation of dJ;/dz; and wcj represents the weight of the critic NN.

6
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W, follows the following weight update rules

w, =-L, Sy ST (40)

o =

where L, > 0 denotes the parameter designed for the critic.
The construction of the actor NN proceeds as follows

~T T

ok U1z; wflsgl walsjl
ff=———-—-— (41)

@ ® 29
T
— vl s 4 SJj 42
a ——U,Z,—w;;j g ) 42)
where a* represents the estimation of «f and w,,j denotes the weight of the actor NN.
wal follows the following weight update rules

iy, = =SS5 (Lo, (4, — 0, ) + Lo, ) 43)

where L,, > 0 represents the actor designed parameter.
The Bellman residual error H ;(7) is defined here as follows

i P d,_7A; * d‘jl’k
Hj(f):ﬂ'ﬂj Zj,aj,d—zj _Hj Zj,aj,d—zj
dj.*
=H; s — (44)
dz

From the preceding analysis, the optimized solution @ should satisfy H;(r) = D-I]j<zj,&7,djj*/dzj) — 0. Provided that

H; (z SN djj* /dz j) = 0 holds true and has a unique solution, the equivalence below is valid

dJ;
alH] (Zl, ’E) | .
- 7 = S

aﬁ) = 2_(p2 7 I, (uA}”l - li/'cl) = 0, (45)
a
oM (z,a%, L
J 77 dz; 1 T R
—— e =55,5,, (waj - wcj> =0. (46)

To derive RL update laws that ensure (45)-(46) are satisfied, the subsequent positive-definite function is established
A —a Y —n
M, (1) = ((waj w, )" (@, wcl)). 47)

Obviously, M;() = 0 is equivalent to (45)-(46). The construction of the update laws in (40) and (43) follows from the subsequent
design principles. Considering that 0 M (#)/ chba,_ () =-0M;@t)/ chbcj )= Z(ﬁzaj - ﬁ’c, (t)), determining the derivative with respect to
time of M (O along (40) and (43) results in

dM;() oM (1) | OM (1) .
- L, +—Li, <o (48)
dr ow, Y o,

Inequality (48) ensures M =0 via update laws (40) and (43), thereby guaranteeing that conditions (45) and (46) are satisfied.

Remark 3. Note that in the nth step, what this paper optimizes is indeed the design control input u, rather than the actual control
input S(u). The design concept is to first minimize the designed control input. Of course, the minimized result cannot guarantee that
its optimized value is less than the saturation threshold. Therefore, before inputting the plant, saturation processing was carried out.
The resulting outcome is actually similar to optimizing the actual control input.

Remark 4. Unlike the existing PPC approaches [6-9,21-26], in addition to the significant advantages of the designed TyFPPB (see
Remarks 1-2), another advantage of the proposed approach lies in the integration of the TyFPPB with the RL strategy, and a TyFPPB-
RL optimal control method for ISNSs based on the ICAS is first presented in this article. The designed TyFPPB-RL optimal approach
can minimize the cost function of the control system while satisfying performance constraints and input constraints, thereby achieving
the overall optimization of the system. Fig. 2 presents the TyFPPB-guided RL control framework under ICAS.

7
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Fig. 2. The TyFPPB-guided RL control framework under ICAS.
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Fig. 3. Tracking trajectories under three distinct errors.

3.3. Stability analysis

Theorem 1. Considering ISNSs (1) that satisfy Assumption 1, and the initial condition P; < e;(0) < P}, the presented TyFPPB-guided RL
control algorithm can guarantee that

1) all signals of the closed-loop system (1) are SGUUB,
2) the system output successfully tracks the reference signals while maintaining the tracking error within the TyFPPB.

Proof. Choose the LF candidate

WY W+ W] W, W) W,

J J ¢ aj J
174 2 J J J

49)
Jj=1 2

where W, = wf - wﬁ Wy, = w* - wJ ,x stands for ¢ and a.

Based on (25), (37) (40) (43), one can obtain
AT

ZW

V= Z—UZ—

2

S

+z; J€e; +@z1zy + Zz/zﬁ,l
Jj=2

(2(p2 + 3)z%

4
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Fig. 4. Curves of the norm of the weight update laws.

n

72
J T . N N
ZT+Z so(u) — Zw SJ/S,( j(wal,—wcj)+Lcjwcl,)

Jj=1
n
~T ~ ~T T ~
—;ﬂngngj —;LcjwchJjSJjwcj. (50)
According to Young’s inequality, we obtain
P G1)
Z,2 =,
Pz122 ) )
2 2
22z
J Jj+l1
ZjZjy S? - (52)
)
zf 651 (53)
Z; + =,
)
. T T 2
559 5 (#,55) (54)
— _ + R
2 4 4
zi Eg (55)
<242
anZ(u) =5 D)
From the above discussion, one can obtain
n
T T o T T -
V<2;<—uz - n;w 5 _LcjwchJ,SJ,'”C,)"'Zl(La,_Lcj>wa/SJ,»S]jwcj
J j=
2 ~T
o % c o T T - c (w“/ SJ/‘)
+27+7—2Lajwa/SJjSJjwaj+. — (56)
Jj=1 Jj=1 Jj=1
According to W, = w; - w§ and w,; =w,; - w , it follows that
oT 7 T 5 T
L ngwéj +w§jw§ - w* wéj
We,We, = ) ; (57)
- T T - T T 1. T L .1 T
w*jSJS W, = w*jSJS w*j+2w 7,57 w*/—zwf}jSJ/SJ 7 (58)
Utilizing Young’s inequality gives rise to the basic relationship
. 2 T 2
T s ST < (wajS:,j) +(ijS"7J) o
O ACE 2 ' 9
2
T min £ : T
Let A; = e /2 +n;w /2+ (L +L, )(wjj S]j) /2, Ly > L, L, > Laj/2 > 1/4, Ast be the minimal eigenvalue of SJ,-SJJ-’
and A?ﬁ’]‘ be the max1mal eigenvalue of Y7 !, one has
j
LC/ ! LC/ T T
V<Z —UZ 5/ /’: 7 SJJSJJ Tw SJJSJJ_WJ_-I-Aj
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Fig. 5. (ai) and (bi) depict the tracking error trajectories and the associated control input signals under three distinct initial errors.

" nw Y L L,
5; —vjzlz,—W—TA’;;‘jﬁ)ijcl—TA‘;;‘jﬁ)ZJ_S@SEILba/+Aj . (60)
J
Let ¢ = min{2v;,7; /A)"{‘;’;,Lcj A’;;; A= Z;.'zl A;, we may consequently derive
V<—cV+A. (61)
1) From (61), it is possible to deduce that
Vv, 62)
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Fig. 6. (a) Tracking error curve under the proposed TyFPPC with I'; = 0; (b) Tracking error curve under the proposed TyFPPC with I'; # 0.
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Fig. 7. (a) Trajectories of tracking errors obtained using the proposed approach versus that in [26]; (b) Trajectories of control signals obtained
using the proposed approach versus that in [26].
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Fig. 8. Tracking trajectories under three distinct errors.
Based on the definition of V' and (62), it follows that the variables z;, wé s wf/’ and @, , remain bounded. On account of
(12),(37),(40)-(43), one can obtain that & a w,: s w , W, o remain bounded. As 2y =62, =); — , thus x and ¢ reamin bounded.

As a result, all signals within the closed- loop system (1) reamin SGUUB.
2) It can be obtained from the definition of LF V and (62)

A
211 =161 <1/2(O© + 2) 63)
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implying that ¢ is bounded. According to the expression of §(r) and e (0) € (P,(O), Ph(O)), one can deduce that 5(0) € (0, 1). By com-
bining the boundedness of ¢ and (10),one can further deduce that

Py(t) < ey (1) < Pp(1),Vt > 0. (64)
In summary, the system output can successfully track the desired signals while confining the tracking error within the TyFPPB. [

Remark 5. Note that the bounds on the approximation errors of the NNs and the supplementary system states affect the final
convergence region. Based on the stability analysis, it can be concluded that the tracking accuracy can be improved by either increasing
v; or reducing #;. It is worth noting that the designed TyFPPB (7) also serves a crucial role, where pr, and T respectively control the
stability accuracy and convergence time, and the lower their values, the quicker the convergence rate and the greater the precision;
by, by in (9) control the speed of PPB expansion separately when input saturation occurs, and increasing b, can make the boundary
contraction degree greater. In practice, the choice of parameters should also take into account specific application requirements.

4. Simulation results

Example 1. Let us consider the following ISNS

= )(2+f1()(1)
J2=Sw)+ f2(%2) (65)
y=x

where f(x1) = sin y?cos x1, f2(Z2) = 21(1 + x2) sin x — 1.2, 1. Select the design parameters as v; = 150,0, =3,L,, =10,L,, =
180, L, =12, L,, =350, = 75,1, =50,Y; =Y, = 0.11p4504,  po =05,u;=15T =6,py =0.03,/ = 1,7, =y, =0.2,b; =5,b, =0.5,
¥, = sin (0.5¢). In Step 1, the critic, actor and identifier NNs are all set to contain 24 neurons, with their centers uniformly distributed
within the interval [-8,8]. S, = [sil, ,sffl]T (% stands for &, J), sé] =exp((y; +2j/3—8)%/2%),j =1 :24. In Step 2, the critic,
actor and identifier NNs are all set to contain 32 neurons, with their centers uniformly distributed within the interval [-8, 8].
Saa =[5y, s 31T with s] = exp(l1 7, = [8.81" + 1720, jIDI/2).j = 1 & 32. i, (0) = [04]y41, 4, (0) = [0413, With % = a,c. .

Fig. 3 illustrates the tracking trajectory corresponding to three distinct initial condition errors, and Fig. 5 illustrates the track-
ing error trajectories along with the associated control input signals for three distinct initial error conditions, verifying the system
output successfully tracks the reference signals while maintaining the tracking errors within the TyFPPBs. Note that when e;(0) # 0
(Subgraphs (al) and (a3)), the proposed PPB presents a “tube” type, indicating that the proposed algorithm inherits the advantages
of the EPPC methods. In addition, the proposed algorithm also further considered the intrinsic connection between input saturation
and performance preset, i.e., when the control input exceeds the maximum threshold, the TyFPPB undergoes adaptive expansion,
and once |u| < u,, the TyFPPB adaptively reverts to the initial PPB, meaning that the proposed TyFPPC algorithm also achieves the
balance between performance requirements and input security. Fig. 4 shows the curves of W, W, W, ,W,, and W , We,, respectively.

In order to validate the “flexibility” of the presented method, we present the simulation results with I'; =0 and I'; # 0. In fact,
without considering input saturation and optimization, the presented algorithm degenerates into the algorithm in [27]. As illustrated
in Fig. 6 that under the input constraints, if I'; = 0, the proposed algorithm suffers from simulation interruption due to the singularity
problem, whereas the proposed TyFPPC algorithm can still maintain stable control performance. The reason lies in that the proposed
TyFPPC algorithm can achieve the balance between input security and performance preset by introducing a supplementary system,
i.e., when input saturation occurs, singularity is avoided by relaxing the PPB.

Note that another advantage of the proposed method lies in the integration of the TyFPPB with the RL strategy, and the designed
TyFPPB-RL optimal method can minimize the cost function of the control system while satisfying performance constraints and input
constraints. To verify this, Fig. 7 presents a comparison between the approach in [26] and the proposed approach. With identical
parameters and initial conditions, Fig. 7(a) and (b) demonstrate that the designed approach achieves reduced control effort and
improved tracking accuracy compared to the approach in [26].
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Fig. 10. (ai) and (bi) depict the tracking error trajectories and the associated control input signals under three distinct initial errors.

Example 2. A single-link robotic arm system [2] is considered below

X =1

. S@w) mglsiny, By, (
=7 720 _ 4 66

2=y M M )

y=xn

where g =9.8m/s%,m=0.02kg,B=1,0=1m M = lkg. Let v, =220,0,=39.L, =10,L, =180,L, =12,L, =350,n, =75.1, =
50,Y, =Y, = 0.1T 404, 1, = 1.5, 99 = 0.75,p7 = 0.03,T = 6,1 = 1,7, =y, =0.2,b, = 5,b, = 0.5, y, = 0.5sin(t) + sin (0.51). In Step 1, the
critic, identifier and actor NNs are all designed to contain 24 neurons, with their centers uniformly distributed within the interval
[-8,8]. Regarding the basis function vector S, =[s! ,... ,si“l]T (% denotes &, J) with sél =exp((y; —8+2j/3)%/2%),j=1,...,24. In

*1’
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Fig. 11. (a) Tracking error curve under the proposed TyFPPC with I'; = 0; (b) Tracking error curve under the proposed TyFPPC with I, # 0.
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Fig. 12. (a) Trajectories of tracking errors obtained using the proposed approach versus that in [26]; (b) Trajectories of control signals obtained
using the proposed approach versus that in [26].

Step 2, the critic, identifier and actor NNs are all designed to contain 32 neurons, with their centers uniformly distributed within the
interval [-8,8]. Regarding the basis function vector S,, =[s,. ... ,sizz]T with séz =exp(||xy — [8,817 + 1/2[},j17)?/2%),j = 1,...,32.
i, (0) = [0.4]4, 05, (0) = [0.4]35,; With * = a,c.&.

Fig. 8 illustrates the tracking trajectory corresponding to three distinct initial condition errors, and Fig. 10 illustrates the track-
ing error trajectories along with the associated control input signals for three distinct initial error conditions, verifying the system
output successfully tracks the reference signals while maintaining the tracking errors within the TyFPPBs. Fig. 9 shows the curves of
W, W, W, and W, W, , respectively.

In order to verify the “flexibility” of the presented algorithm, we present the simulation results with I'; =0 and I'; # 0. One
can see from Fig. 11 that under the input constraints, if I'; = 0, the proposed algorithm suffers from simulation interruption due to
the singularity problem, whereas the proposed TyFPPC algorithm can still maintain stable control performance. Fig. 12 presents a
comparison between the proposed approach and that in [26]. With identical parameters and initial conditions, Fig. 12(a) and (b)
demonstrate that the designed approach achieves reduced control effort and improved tracking accuracy compared to the approach
in [26].

5. Conclusion

A TyFPPB-RL control approach for ISNSs is presented in this article, the significant advantage of the presented TyFPPC algorithm
lies in its ability to comprehensively consider multiple indicators, and also achieves the balance between performance requirements
and input security. In addition, the RL strategy with the ICAS is utilized to reduce the control system’s cost function while achieving
control performance. Future research will extend the TyFPPB-RL control to ISNSs with stochastic disturbances.
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